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Abstract. We study the Haagerup property for C*-algebras, which 
has been introduced by Dong [Donllj . We first give new examples of 
C*-algebras with the Haagerup property: A nuclear C*-algebra with a 
faithful tracial state always has the Haagerup property, and the perma- 
nence properties of the Haagerup property for C*-algebras are estab- 
lished. As a consequence, the class of all C*-algebras with the Haagerup 
property turns out to be quite large. After that, we apply Popa's re- 
sults and show the C*-algebras with property (T) have a certain rigidity 
property. However, unlike the case of von Neumann algebras, for the 
reduced group C*-algebras of groups with relative property (T), the 
rigidity property strongly fails in general. For example, this is the case 
for the typical relative property (T) group Z 2 xi SLa(Z). On the one 
hand, for some groups without nontrivial property (T) subgroups, we 
show a rigidity property in some cases. As an example, we prove the 
reduced group C*-algebra of the affine group Q 2 xi GL2(Q) of the affine 
plane over Q has a rigidity property. 
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1. Introduction 

The Haagerup property was first defined for groups, by Haagerup [Haa79], 
as a weakened version of amenability. This concept is generalized to the 
context of von Neumann algebras by Choda |Cho83] for distinguishing par- 
ticular group von Neumann algebras. After she introduced the definition, it 
has been studied by many authors, for example, in |CJ85j . [JolQ2j . [Pop06|, 
and |Rob93| . Recently, Dong introduced a notion of the Haagerup property 
to a pair of a C*-algebra and its faithful tracial state, by imitating the case 
of von Neumann algebras. 

Key words and phrases. C*-algebras; Haagerup property; property (T); rigidity. 

1 



2 



YUHEI SUZUKI 



In this paper, we first give new examples of C*-algebras with the Haagerup 
property: Every unital nuclear C*-algebra has the Haagerup property with 
respect to an arbitrary faithful tracial state. At the same time, we also 
establish permanence properties of the Haagerup property. As a consequence 
of these two results, we have many new examples of C*-algebras with the 
Haagerup property. Here we state these theorems. Proofs are given in 
Section [3j 

Theorem A (Theorem 13. 6|) . Let (A, r) be a pair of a unital nuclear C*- 
algebra and a faithful tracial state. Then it has the Haagerup property. 

Theorem B (Theorem l3.12p . Let (Ai,Ti) ieI be a family of C* -algebras with 
the Haagerup property indexed by a set L. Then the following hold. 

(1) Lf I is countable, then the direct product (Y\i^j A{,t) has the Haagerup 
property for any tracial state r of the form r = Yliei c i T i> where (ci)i £ i 
is a family of positive numbers whose sum is 1 . More generally, any 
C* -subalgebra of (Y\ ieI Aj,r) which contains both © ie/ Ai and 1 has the 
Haagerup property with respect to the restriction tracial state. 

(2) The spatial tensor product Ai, t{) has the Haagerup prop- 
erty. 

(3) The reduced free product (A,t) = *j g /(Aj,Ti) has the Haagerup prop- 
erty. 

The second theorem can be shown by the same proof as Jolissaint's one 
for von Neumann algebras |Jol02| . 

In the second part of this paper, we give an application of the Haagerup 
property for C*-algebras. Thanks to Popa's result, We have the following 
rigidity theorem. 

Theorem C (Theorem I4.7p . Let A be a C* -algebra which has a faithful 
tracial state with the Haagerup property. Let B be a C* -subalgebra of A 
such that the pair (A, B) has relative property (T). Then B must be residually 
finite dimensional. 

Applying this theorem with Leung-Ng's theorem, we revisit the rigidity 
theorem of Robertson [Rob93]. (See also Remark 14.101 ) 

Theorem D ( Corollary 14. 9p . Let T be a property (T) group, A be a C*- 
algebra which has a faithful tracial state with the Haagerup property. Then 
any unitary representation ofT on A is weakly equivalent to a direct sum of 
finite dimensional representations. In particular, if T is an infinite property 
(T) group, then there is no nonzero *-homomorphism from the reduced group 
C*-algebra C*(T) into A. 

We also show this is not true for a general non-Haagerup group, even if 
the group has relative property (T) with respect to an infinite subgroup. As 
an example, we give the following embeddings. 

Theorem E ( Theorem |4T2"2"1 Remark l4T2"3"j) . There are C* -algebras A, B and 
C, each of which admits a faithful tracial state with the Haagerup property, 
having the following embeddings 

C* r {Z 2 x SL 2 (Z)) ^ A, 
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C*(# 3 (Z) x SL 2 (Z)) B, 
C* r (¥ p [t} 2 x SL 2 (F p [t])) C. 

Note that all pairs (Z 2 x SL 2 (Z),Z 2 ), (H 3 (Z) x SL 2 (Z), # 3 (Z)), and 
(F p [t] 2 x SL 2 (Fp[i]),F p [t] 2 ) have relative property (T). Hence Theorem |E] 
shows the rigidity theorem strongly fails for a general non-Haagerup group, 
even if it has relative property (T) with respect to an infinite subgroup. 

However, we show a rigidity property for a group without infinite property 
(T) subgroups in some cases. As an example, we show the following rigidity 
property of the affine groups of the affine planes. 

Theorem F (Theorem I5.1|) . Let ¥L be a field which is not an algebraic ex- 
tension of a finite field. Then the reduced group C* -algebra C*(K 2 x SL 2 (IK)) 
cannot embed into any C* -algebra which has a faithful tracial state with the 
Haagerup property. 

Underlying assumptions. 

In this paper, the following are always assumed. 

• We always consider the topology of a group as the discrete one. 

• We always assume a representation of a discrete group (on a Hilbert 
space or an operator algebra) is a unitary one. 

• Positive definite functions on groups are always assumed to be nor- 
malized (i.e., take value 1 at the unit). 

Notations. 

Here we fix notations which are used throughout in this paper. 

• The symbol M„ means the matrix algebra of the size n over C. 

• For two C*-algebras A and B, A®B, AQB mean the spatial tensor 
product, the algebraic tensor product, respectively. 

• For two C*-algebras A and B, CP(A,B) means the set of all com- 
pletely positive maps from A to B. 

• For a C*-algebra A, we denote A op the opposite algebra of A. 

• For a C*-algebra A and a state (f, we denote L 2 (A, ip) the GNS-space 
of (A, ip), || • ||p the norm on L 2 (A, if). 

• For a discrete group T, we denote c c (T) the space of all complex 
valued functions on T with the finite supports. 

• For a discrete group T and a positive definite function ^ on T, we 
denote l^(T) the GNS-space of (j), ( , the inner product of ; 2 (r). 
If 4> = 5 e , then as usual, we simply denote I 2 (T) by / 2 (r) and ( , ),5 e 
by (, >2- 

• With above notations, for g € T, the canonical image of 5 g in ^(T) 
is denoted by 5$ . 

• For a set X and a subset S C X, we denote the characteristic func- 
tion of S on X by xs- 

• The finite field with order p is denoted by ¥ p . 

• The terms u.c.p., c.c.p., c.p. are the abbreviations of "Unital Com- 
pletely Positive", "Contractive Completely Positive", "Completely 
Positive" , respectively. 

Acknowledgements. The author would like to thank Professor Yasuyuki 
Kawahigashi, who is his supervisor, for his encouragement and advice. He 
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also would like to thank Professor Narutaka Ozawa for his valuable com- 
ments and suggestions. 

2. Preliminaries 

Recall that a discrete group V is said to have the Haagerup property 
(also known as Gromov's a-T-menability) if there is a net (<f> n )n of positive 
definite functions each of which vanishes at infinity and the net converges to 
1 pointwise. It is well-known if we replace the condition "vanish at infinity" 
by "have a finite support", then this is equivalent to amenability (see [BO08, 
Theorem 2.6.8]). In this sense, the Haagerup property is considered as a 
weak version of amenability. Amenability of group is quite useful but a bit 
strong condition, so many important groups do not have amenability. On the 
one hand, the Haagerup property, a weak version of amenability, is satisfied 
by many important non-amenable groups, for example, the free groups, the 
Coxeter groups, and so on. Moreover, in many applications, the Haagerup 
property is sufficiently "amenable". For example, for the groups with the 
Haagerup property, the Baum-Connes conjecture is true, and consequently 
many important conjectures (e.g., the Novikov conjecture, the Kaplansky 
conjecture, etc.) are also true. Moreover, the groups with the Haagerup 
property do not have (relative) property (T), which is a rigidity property of 
discrete groups. In many situations, a group with (relative) property (T) 
is essentially hard to deal, so at least for the groups with the Haagerup 
property, such essential difficulty does not exist. For these reasons, it is 
interesting to study the Haagerup property. 

As in the case of amenability, the Haagerup property also has many char- 
acterizations, but the above form is the most suitable formulation for ex- 
tending it to the setting of operator algebras. For more information about 
the Haagerup property for discrete (or more generally, for locally compact) 
groups, we refer the reader to the book [CCJJVOl] . 

Recently, Dong [Donllj gave a definition of the Haagerup property for a 
pair of a unital C*-algebra and its faithful tracial state as follows. 

Definition 2.1. Let A be a unital C*-algebra, r a faithful tracial state on 
A. The pair (^4, r) is said to have the Haagerup property if there is a net 
(4>i)i£i of u.c.p. maps from A to itself satisfying the following conditions. 

(1) Each (pi decreases r; i.e., for any positive element a S A, we have 
T{4>i{a)) < t(o). 

(2) For any a € A, \\4>i(a) — a\\ r converges to as i tends to infinity. 

(3) Each (pi is L 2 -compact; i.e., from the first condition, cfti extends to a 
bounded operator on its GNS-space L 2 (A,t), which is compact. 

For brevity, we sometimes say r is a tracial state with the Haagerup property. 

This is a straightforward generalization of the definition of the Haagerup 
property for von Neumann algebras, which has been introduced in [Cho83j . 

Remark 2.2. The definition of the Haagerup property for von Neumann 
algebras is the same as above except for the additional assumption that 
the tracial state is normal. With this definition, Jollisaint |Jol02| proves 
the Haagerup property of von Neumann algebras does not depend on the 
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choice of faithful normal tracial states. However, as we prove in Section 2] 
(Theorem I4.18p . in the case of C*-algebras, this is no longer true. 

Remark 2.3. As in the case of von Neumann algebras [BO08 ; Remark 
12.1.17], the condition of <pi is u.c.p. can be relaxed by (pi is c.c.p., and we 
can take & so that it preserves r. This is done by replacing {4>i)i^i by the 
net 

/ i \ At \ , ( T ~ c n T0 &) 0*0/1 
Wi,n{x) := C n (f>i{x) + tt7tt(1 - CnM 1 )) 

(1 - C n T O (pi)(l) 

on / x N, where c n := 1 — 1/n. 

Here we recall the fundamental properties of the Haagerup property for 
C*-algebras. 

Theorem 2.4 (Dong |Donllj ). The following hold. 

(1) For a discrete group V, it has the Haagerup property if and only if the 
reduced group C* -algebra C*(T) of T has the Haagerup property with 
respect to the canonical tracial state. 

(2) The Haagerup property for C* -algebras is closed under taking the reduced 
crossed product by a trace-preserving action of an amenable group. 

(3) For any finite dimensional C* -algebra A and a group V with the Haagerup 
property acting on A, the reduced crossed product of A byT has a faithful 
tracial state with the Haagerup property. 

Note that Claim (3) is not mentioned in the paper of Dong, but this im- 
mediately follows from his study of the relative Haagerup property [Donlll 
Section 3]. 

For later applications, we recall the definition of relative property (T). 
Relative property (T) is a rigidity property of groups, which is negated 
by the Haagerup property in the following sense: A group which has rel- 
ative property (T) with respect to an infinite subgroup does not have the 
Haagerup property. For more about property (T), we refer the reader to the 
book [BHV08] of Bekka, de la Harpe, and Valette. 

Definition 2.5. Let V be a group, A be its subgroup. The pair (T, A) is said 
to have relative property (T) if any net (4> n ) of positive definite functions on 
T that converges to 1 pointwise converges uniformly on A. A group T is said 
to have property (T) if the pair (r,T) has relative property (T). 

Here we review examples of relative property (T) groups. 

Example 2.6 ([BHV08]). 

• For n > 3, SL n (Z) has property (T). 

• The pair (Z 2 x SL2(Z),Z 2 ) has relative property (T). 

• The pair (Hs(Z) x SL2(Z), H^Z)) has relative property (T). 

• The pair (¥ p [t] 2 x SL 2 (F p [i]), ¥ p [t] 2 ) has relative property (T). 

• For n > 2, Sp2 n (%>) has property (T). 

Property (T) has been also defined for operator algebras. For von Neu- 
mann algebras, it was first done by Connes-Jones [CJ85J for type Hi fac- 
tors, then it was extended to general finite von Neumann algebras by Popa 
|Pop06| . For C*-algebras, property (T) was first introduced by Bekka |Bek06| . 
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then its (formally) strengthened version, called strong property (T) was in- 
troduced by Leung-Ng |LN09| . For our application, Leung-Ng's strength- 
ened version of property (T) is needed. Leung-Ng's notion of property (T) 
is closer to the definition of Popa's property (T) than Bekka's one, which 
is suitable for our application. Moreover, most important examples of C*- 
algebras satisfying Bekka's property (T) also satisfy Leung-Ng's one. (In- 
deed, it is not known whether these two notions of property (T) coincide or 
not.) For these reasons, we only use Leung-Ng's notion and we simply call 
it property (T) instead of strong property (T). We recall these definitions. 
To describe definitions, we first recall the notion of the Hilbert bimodule. 

Definition 2.7. Let A be a C*-algebra or a von Neumann algebra. A Hilbert 
space H is called a Hilbert A-bimodule if it is equipped with the actions 7r 
of A and p of A op such that these two actions are mutually commuting. 
If A is and regarded as a von Neumann algebra, then we further assume 
both actions are normal. We refer to ir, p as the left, right action of A, 
respectively, and use the notation 

xiy := 7r(x)p(y°P)£ 

for x,y 6 A and £ € H. 

Definition 2.8 (Leung-Ng |LND9p . Let A be a C*-algebra, B be a C*- 
subalgebra of A. The pair (A, B) is said to have relative property (T) if 
for any e > 0, there exist 5 > and a finite subset Q C A, such that the 
following holds: For any Hilbert A-bimodule H and a unit vector £ € H 
satisfying ||x£ — £x\\ < 5 for all x 6 Q, there exists a 5-central unit vector 
£o (i.e., x£q = £0^ holds for all x G B) with ||£q — £|| < e - ^ the pair (A, A) 
has relative property (T), then A is said to have property (T). 

Definition 2.9 (Popa |Pop06]). Let M be a finite von Neumann algebra 
with a faithful normal tracial state, B be a von Neumann subalgebra of M. 
The pair (M, B) is said to have relative property (T) if there is a faithful 
normal tracial state r on M satisfying the following condition: For any e > 0, 
there exist 5 > and a finite subset Q C M such that if .ff is a Hilbert M- 
bimodule, £ is a unit vector in H satisfying || (•£,£) — t\\, || (£•,£) — r|| and 
\\x£ — £x\\ < 5, then there is a B-central unit vector £o with ||£o — £|| < e - If 
the pair (M, M) has relative property (T) , then M is said to have property 
(T). 

Here we recall the basic facts of property (T) for operator algebras. The 
next theorem says the definition is natural. 

Theorem 2.10 (Leung-Ng |LN09| , Popa |Pop06| ). Let (T,A) be a pair of 
a group and its subgroup. Then the following are equivalent. 

(1) The pair (T, A) has relative property (T). 

(2) The pair (C*(r), C*(A)) has relative property (T). 

(3) The pair (C*(r), C*(A)) has relative property (T). 

(4) The pair (L(r),L(A)) has relative property (T). 

For the proof, we refer the reader to |LN09] . |Pop06| . 
Next we recall the permanence properties of property (T) for C*-algebras. 
This gives many examples of C*-algebras with property (T). 
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Proposition 2.11 (Leung-Ng [LN09J). Property (T) for C*- algebras is pre- 
served by the following operations. 

(1) Taking a quotient. 

(2) Taking a maximal (hence arbitrary) tensor product. 

(3) Taking a full (hence arbitrary) crossed product by a property (T) group. 

For further background knowledge of this paper, the book [BO08| of 
Brown and Ozawa is a good reference. 

3. Examples of C*-algebras with the Haagerup Property 

The goal of this section is to prove Theorems |X] and [Bj As the study 
of nuclearity of C*-algebras (e.g., a proof of the fact nuclearity passes to a 
quotient [BO08:, Chapter 9]), in order to prove Theorem |A"1 we need a deep 
theorem from the theory of von Neumann algebras. To state and apply the 
theorem of Connes below, we need the following concepts of von Neumann 
algebras. 

Definition 3.1. Let M be a von Neumann algebra. It is said to be injective 
if for any unital C*-algebra A and for any its closed self-adjoint subspace N 
containing the unit of A, any u.c.p. map from N to M can be extended to 
a u.c.p. map from A to M. 

Remark 3.2. By Arveson's extension theorem |BO08l Theorem 1.6.1], in- 
jectivity of a von Neumann algebra M is equivalent to the existence of a 
conditional expectation from B(H) onto M for some faithful representation 
M C B(H) of M on a Hilbert space H. 

Definition 3.3. Let M be a von Neumann algebra with the separable pre- 
dual. It is said to be AFD (abbreviation of "Approximately Finite Dimen- 
sional" ) if there is an increasing sequence of finite dimensional *-subalgebras 
of M whose union is dense in M in the strong operator topology. 

The following theorem of Connes states these two properties are equiva- 
lent in the separable case. 

Theorem 3.4 (Connes |Con76j ). For a von Neumann algebra M with the 
separable predual, the following are equivalent. 

(1) M is injective. 

(2) M is AFD. 

For the proof and more information about the theorem, we refer the reader 
to |Con76j . Before proving our theorem, we need a lemma. 

Lemma 3.5. Let M be a (not necessarily separable) injective von Neumann 
algebra with a faithful normal tracial state r. Then there exists a net (3> n ) n of 
conditional expectations on M which satisfies the following three conditions: 

(1) Each image of & n is finite dimensional. 

(2) Each <!>„ preserves r. 

(3) The net (<3? n )n converges to the identity map in the pointwise strong 
operator topology. 
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Proof. Note first that since M has a faithful normal tracial state, [BO08, 
Lemma 1.5.11] (with Remark I3.2p shows each von Neumann subalgebra of 
M is injective. Prom this, for each finite subset 5 of M, the von Neumann 
subalgebra W*($) of M generated by 5 is injective and separable. From 
this, by Connes' theorem, each von Neumann algebra W*{^) is an AFD von 
Neumann algebra. Consequently, for each finite subset 5 of M , there is a 
finite dimensional *-subalgebra Mj of M, such that dist T (x, M$) < 1/131 f° r 
all x £ J (where \$\ is the cardinality of 3). Then again by [BO08, Lemma 
1.5.11], for each finite subset 5 of M, there is a T-preserving conditional 
expectation E$ from M onto A%. Then notice that for any T-preserving 
conditional expectation E with the range N, we have 

\\x - E(x)\\ T = dist T (x,iV). 

On the one hand, for each x 6 M, dist T (x, Mj) converges to zero as J tends 
to infinity. From this, the net (E$)$ satisfies the desired three conditions. □ 

Now we prove our first main result, Theorem lAl 

Theorem 3.6. Let (A,t) be a pair of a unital nuclear C* -algebra and a 
faithful tracial state. Then it has the Haagerup property. 

Proof. Let A be a unital nuclear C*-algebra, r be a faithful tracial state on 
A. We will show the pair (A, r) has the Haagerup property. Let tt t be the 
GNS-representation of r. Then, since A is nuclear, it is easy to show ir T (A)" 
is an injective von Neumann algebra. Using Lemma [3. 5 \ we can choose a net 
($ a ) a of conditional expectations on tt t (A)" satisfying the following three 
conditions. 

• Each image of <& a has a finite dimension. 

• Each $ a preserves r. 

• The net (& a ) a converges to the identity map in the pointwise strong 
operator topology. 

From these conditions, each Q a is L 2 -compact, and it converges to id^2(^ r ) 
strongly, as in the definition of the Haagerup property. However, unfortu- 
nately, these ranges are not contained in A in general. So we have to modify 
& a to take its values in A. To do this, we need the following notations. We 
identify tt t (A)" with the direct summand A**c(tt t ) of A**, where c(tt t ) is the 
central cover of tt t ( |BO08l Definition 1.4.2]). Denote the image of $ a by 
E a , and denote the linear span of 1^** and E a by F a , which is a finite dimen- 
sional C*-subalgebra of ^4**. Denote the canonical inclusion F a «— >■ A** by i a . 
Since i a is a *-homomorphism, in particular it is contained in CP(i ? Q ,, ^4**). 
Then, by using the canonical bijective correspondence between CP(i ? a , A**) 
and (A** ® F a ) + QBU081 Theorem 1.5.12]), and the density of A ® F a in 
A** ® F a in the strong operator topology, we can find a bounded net (by the 
Kaplansky density theorem) (^^)/3 from CP(F a , A) that converges to i a 
in the pointwise strong operator topology, as f3 tends to infinity. Then, since 
each VP'g (1) is contained in A C A** and it converges to Ia** = 6 A 
weakly, by retaking a net of c.p. maps from the convex hull of {\l'^ a ' ) }^, we 
may assume (1))^ converges to 1 in norm. (Recall the Hahn-Banach 
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separation Theorem.) We remark that each support of to ^^\E a is con- 
tained in that of T|js a , which is equal to E a , and the former net converges 
to t\e ci pointwise as /3 tends to infinity. From this and the fact E a has a 
finite dimension, we can choose a net {cp )p of positive numbers, such that 
(cp)p converges to 1 as /3 tends to infinity and T otyjp\ Ea < c^r\E a - Put 

df :=max{c^, ||^(1)||} 

for each a and /3. Then by definition of d^\ each map (di is a 

c.c.p. map that decreases r. Now it is easy to take the desired net from the 
set {c(tt t )^p °&a}a,i3i here we identify A with the C*-subalgebra tt t (A) of 
tt t (A)" = A**c(tt t ), not with the canonical C*-subalgebra of A**. □ 

Indeed, in the above proof, we only use the injectivity of tt t (A)". From 
this, we can also apply the proof of Theorem 13.61 for some other cases. Here 
we summarize the cases Theorem 13.61 is applicable. Case (1) is pointed out 
by Professor Narutaka Ozawa. 

Corollary 3.7. (1) Let A be a unital exact C* -algebra with a faithful ame- 
nable tracial state r. Then the pair (A,r) has the Haagerup property. 

(2) Let A be a unital residually finite dimensional C* -algebra with a faithful 
tracial state. Then A has a faithful tracial state r with the Haagerup 
property. 

Proof. (1) It suffices to show tt t (A)" is injective. By amenability of r, the 
product *-homomorphism 

7r r x 7r° p : A A op -> B{L 2 (A, r)) 

is continuous with respect to the spatial tensor product norm [BO081 Theo- 
rem 6.2.7]. Then by universality of the double dual, it extends to the normal 
*-homomorphism from (A ^4°p)** to B(L 2 (A, r)). Notice that since A is 
exact, it has property C" [BO08, Theorem 9.3.1]. (This still holds for in- 
separable cases. See [BO081 Proposition 9.2.5 and Lemma 9.2.8].) So the 
canonical inclusion 

A** (^ op ) -> (A A op )** 

is continuous with respect to the spatial tensor product norm. Consequently, 
the product *-homomorphism 

tt t (A)" <p(A°p) B(L 2 (A, r)) 

is continuous with respect to the spatial tensor product norm. Note that 
(vr? p (A°P))' = tt t (A)" [BO081 Theorem 6.1.4]. Now injectivity of ir T (A)" 
follows from Lance's The Trick [BO08, Proposition 3.6.5]. 
(2) By assumption, there exists a faithful tracial state r on A such that 
7r T (A)" is a type I von Neumann algebra. Certainly, a type I von Neumann 
algebra is injective. Hence we obtain the desired result. □ 

Remark 3.8. In the above cases, approximation maps of the Haagerup 
property can be taken as finite rank u.c.p. maps. This is an interesting 
phenomenon: Though C*-algebras as above fail to have the internal (or 
even external) finite dimensional approximation by u.c.p. maps in the norm 
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topology in general, they have the internal finite dimensional approximation 
by u.c.p. maps in the L 2 -topology. 

Remark 3.9. Case (1) of Corollary 13.71 is applicable to many exact C*- 
algebras. For example, any unital simple exact quasi-diagonal C*-algebra 
has a faithful amenable tracial state ([BO08, Proposition 7.1.16]). On the 
one hand, for a unital C*-subalgebra of a nuclear C*-algebra A with a faithful 
tracial state r, the restriction t\b of r on B is amenable, since any tracial 
state on a nuclear C*-algebra is amenable and a restriction of an amenable 
tracial state is again amenable. Consequently, all of these C*-algebras have 
a faithful tracial state with the Haagerup property. 

Remark 3.10. The proof of Corollary 13. 71 (1) only uses property C", which 
is equivalent to the local reflexivity. However, the existence of a non-exact 
locally reflexive C*-algebra is a long standing open problem. 

Next we prove the permanence properties of the Haagerup property, which 
can be proved by the same method as in the proof of Jollisaint's von Neu- 
mann algebra version theorem [Jol02]. But, for the reader, we give a proof of 
the theorem. For the proof, we need a lemma, whose proof is straightforward 
and omitted. 

Lemma 3.11. Let A be a C* -algebra, t be a faithful tracial state on A, 
(Ai)i be an increasing net of C* -subalgebras of A whose union is dense in 
A with respect to the L 2 -norm determined by r. Assume for each i, there 
is a trace-preserving conditional expectation Ei from A onto A{. Then the 
pair (A, r) has the Haagerup property if and only if each pair (A{, r) has the 
Haagerup property. 

Now we establish the permanence properties of the Haagerup property. 
Here we restate Theorem [Bj 

Theorem 3.12. Let (Ai,Ti) i€l be a family of C* -algebras with the Haagerup 
property indexed by a set L. Then the following hold. 

(1) Lf I is countable, then the direct product (Y\i£i ^ as the Haagerup 
property for any tracial state r of the form r = J2iei CiTi > w here (cj)ieT 
is a family of positive numbers whose sum is 1. More generally, any 
C* -subalgebra of (Yliel r ) w hich contains both Ai and 1 has the 
Haagerup property with respect to the restriction tracial state. 

(2) The spatial tensor product Ai,(£) ieI Ti) has the Haagerup prop- 
erty. 

(3) The reduced free product (A, r) =*j g /(^4j, Tj) has the Haagerup property. 

Proof. (1) We may assume I = N. For each n £ N, take an approximation 
net ($ n j) Jg j n of u.c.p. maps of the Haagerup property of (A n ,T n ). Replace 
Jn by Y\ k Jk for each n € N, we may assume all index sets of the nets are 
the same one, say J. Then for each n € N and j € J, we define a u.c.p. map 



*n,j on n neN A n by 




HAAGERUP PROPERTY AND PROPERTY (T) FOR C*-ALGEBRAS 



11 



Then the net (^nj)nj satisfies the desired condition. Moreover, each range 
of ^ n ,j is contained in the unitization of © n6N ^n- So the second part of 
the claim also follows. 

(2), (3) By the previous lemma, it suffices to consider the case / = {1,2}. 
In this case, (2) can be shown easily by taking the tensor products of the 
approximation maps. The only nontrivial part is about the reduced free 
product. So let (A, r), (B, u) be two pairs of C*-algebras and faithful tracial 
states both of which have the Haagerup property. By assumption and Re- 
mark 2.2, we can choose nets of trace-preserving u.c.p. maps ((ftj)j(zj, (ipj)j £ j 
which give the Haagerup property of (A, r),(i?,^) respectively. Replacing 
J by J x N if necessary, we may assume there is a net (cj)j £ j of positive 
numbers smaller than 1, which converges to as j tends to infinity. We 
replace (ftj by (1 — Cj)(ftj + cjt, which is also a trace-preserving u.c.p. map 
and similarly for ipj, for each j € J. Consider the u.c.p. maps (ftj * iftj. 
Then, by the previous replacement, it is clear by definition that each (ftj *ipj 
is L 2 -compact on (^4, r) * (B, v). By the choice of the original nets and the 
net (cj)j£j, it is also easy to check the convergence condition for (ftj * iftj. 
Hence we have the Haagerup property of (A, r) * (B,u). □ 

4. An Application of the Haagerup Property for C*-algebras 

In this section, we give an application of the Haagerup property for C*- 
algebras. A proof of the theorem strongly depends on the technique of 
von Neumann algebras. This is an application of Popa's theorem |Pop06| . 
Popa's theorem says the Haagerup property is a strong negation of relative 
property (T) in the context of von Neumann algebras. We extend this 
rigidity theorem to the context of C*-algebras. 

Our theorem does not depend on the tracial states, therefore it is conve- 
nient to introduce the following class of C*-algebras. 

Definition 4.1. Set % be the class of all C*-algebras which has a faithful 
tracial state r with the Haagerup property. 

By the results in Section [3j the class H is quite large. It contains all 
nuclear C*-algebras with a faithful tracial state, many exact C*-algebras (for 
example, unital simple exact quasi-diagonal C*-algebras), residually finite 
dimensional C*-algebras with a faithful tracial state, the reduced group C*- 
algebras of groups with the Haagerup property, and is closed under taking 
the direct product, the spatial tensor product and the reduced free product. 
However, we need to remark that the class T~L is not closed under taking 
a quotient, even if the quotient has a faithful tracial state. To see this, 
consider the full group C*-algebra C*(F 00 ) of the free group of countably 
many generators. Then it is residually finite dimensional by Choi's theorem 
[Cho801 Theorem 7]. From this and separability of C*(i ? 00 ), it is contained in 
the class % by Corollary 13.71 (2). Note that any unital separable C*-algebra 
arises as a quotient of C*(F oc ), and as we soon see in Corollary 14.91 there 
is a unital separable C*-algebra which has a faithful tracial state but is not 
contained in the class H. 

The next theorem is proved by Popa |Pop06|, which is the key result in 
our application. 



12 



YUHEI SUZUKI 



Theorem 4.2 (Popa |Pop06, Theorem 5.4 (1)]). Let M be a von Neumann 
algebra with a faithful normal tracial state, B a von Neumann subalgebra 
of M . If M has the Haagerup property and the pair (M,B) has relative 
property (T), then B is not diffuse. 

Here we need two comments. 



Remark 4.3. In the statement of |Pop06, Theorem 5.4], it is only considered 



the case M is a type Hi factor. However, in his proof, we do not need 
either the factoriality of M or the assumption M is of type Hi , since |Pop06 



Proposition 4.1] is proved for any finite von Neumann algebras with a faithful 
normal tracial state. 

Remark 4.4. If we cut M by the projection corresponding to the diffuse 
part of B, then the resulting von Neumann algebra still has the Haagerup 
property and the resulting pair also has relative property (T) |Pop06 Propo- 



sition 4.7 (2)]. From this, if B has a nonzero diffuse direct summand, then 
this contradicts Theorem 14.21 Consequently, B must be a direct sum of 
matrices. 

We now apply Popa's theorem to the context of C*-algebras. The proofs 
of the following lemmas are straightforward, so we only give sketches of the 
proofs. 

Lemma 4.5. Let (A, r) be a pair of a unital C* -algebra and a faithful tracial 
state on A. Let n T be the GNS-representation of r. If the pair (A, r) has 
the Haagerup property, then so does (it t (A)",t). 

Sketch of the proof. Note that any trace-preserving u.c.p. map on A extends 
to a trace-preserving u.c.p. map on the GNS-closure, which is L 2 -compact if 
the original one is. The extensions of approximation maps of the Haagerup 
property for (A,r) establishes the Haagerup property of (ir T (A)" , r). □ 

Lemma 4.6. Let A be a C* -algebra, B be a C* -subalgebra of A and r be a 
tracial state on A. If the pair (A, B) has relative property (T) (in the sense 
of Leung -Ng), then the pair (tt t (A)" , tt t (B)") of GNS-closures has relative 
property (T) in the sense of Popa. 

Sketch of the proof. Since the left and right actions of a Hilbert bimodule of 
a von Neumann algebra M are normal, for any a-strongly dense subset S 
of M, any 5"-central vector of H is indeed M-central. From this, our claim 
follows easily. □ 

Now, we obtain the rigidity result, Theorem O 

Theorem 4.7. Let A G H, B be its C* -subalgebra. If the pair (A,B) has 
relative property (T), then B is residually finite dimensional. 

Proof. Choose a faithful tracial state r on A with the Haagerup property. 
Then by Lemmas 14.51 13~6l (tt t (A)" ,t) has the Haagerup property and the 
pair (tt t (A)", tt t (B)") has relative property (T). Hence, by Popa's thoerem, 
ir T (B)" is a direct sum of matrix algebras. □ 

Remark 4.8. Combining the proof above with Theorem 13.61 (and the fact 
that nuclearity passes to a quotient), we have a generalization of |Bek06l 



HAAGERUP PROPERTY AND PROPERTY (T) FOR C*-ALGEBRAS 



13 



Proposition 12] as follows. 

Let (A, t) be a pair of a C* -algebra and a faithful tracial state on A that has 
both the Haagerup property and property (T). Then L 2 (A,t) decomposes as 
a direct sum of finite dimensional A-submodules. 

Here we revisit the rigidity theorem of Robertson [Rob93 . 

Corollary 4.9. Let T be a property (T) group, A € H. Then any unitary 
representation of T on A is weakly equivalent to a direct sum of finite di- 
mensional representations. In particular, if T is an infinite property (T) 
group, then there is no nonzero *-homomorphism from the reduced group 
C* -algebra C*(T) into A. 

Proof. By Leung-Ng's theorem, the full group C*-algebra C*(r) of T has 
property (T). Since property (T) passes to a quotient (Proposition 12.11]) . 
for any representation ir of T on A, the C*-subalgebra of A generated by the 
image of ir, which is isomorphic to a quotient of the full group C*-algebra 
of r, has property (T). Since it is a C*-subalgebra of a C*-algebra in the 
class 7i, it is residually finite dimensional by Theorem 14.21 and Remark 14.41 
This proves our first claim. For the last statement, recall the reduced group 
C*-algebra has a finite dimensional representation if and only if the group 
is amenable. □ 

Remark 4.10. Thanks to the proof of Theorem 14.71 Corollary 14.91 indeed 
have more stronger conclusion as follows. For any faithful tracial state r on 
A with the Haagerup property and a unitary representation of a group T with 
property (T) on A, the induced unitary representation of T on L 2 (A, r) is 
equivalent to a direct sum of finite dimensional representations. The original 
statement of Robertson's theorem [Rob93[ Theorem C] follows from this. 

Remark 4.11. Certainly, the last assertion of Corollary 14.91 still holds if T 
is a group which has a non-amenable subgroup A such that the pair (r, A) 
has relative property (T). However, we do not know a non-trivial example 
of such group. That is, the case T does not contain an infinite property (T) 
subgroup. A list of groups which might satisfy the above condition is given 
in the book [BHV081 Chapter 7]. 

Remark 4.12. Gromov [Gr o87j constructs a property (T) group without 
nontrivial finite dimensional representations. (See also [Rob93l p. 553 Re- 
marks (2)].) If r is such a one and A € 7i, then by Corollary 14. 9| there 
is no nonzero group-homomorphism from T into the unitary group U(A) 
of A. This shows the group structure (without topological information) of 
the unitary group U(A) of a unital C*-algebra A sometimes remembers the 
information that A is not contained in the class "H (e.g., the case A = C*(r) 
for a group T as above). 

Remark 4.13. The negation in Theorem 14.71 is the best possible form. 
There is an infinite dimensional property (T) C*-algebra which is contained 
in the class H. Indeed, the following holds. 

Proposition 4.14. If A is a unital C* -algebra which is residually finite 
dimensional with property (T) and a faithful tracial state, then A is contained 
in the class H. 
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Before the proof, we need a comment. Though Proposition 14.141 immedi- 
ately follows from Corollary 13.71 a proof becomes much easier than that of 
Corollary 13 .7| thanks to property (T) and the result of Brown [Bro06j. So 
it is worth mentioning the following proof. 

Proof. Let A be as above. Let {~Ki}i^i be a complete representation system 
of the set of all equivalent classes of finite dimensional irreducible represen- 
tations of A. Then ® ie / 7Tj is a faithful representation of A by assumption. 
Hence we can regard A as a unital C*-subalgebra of Yliei ^4 > where di 
is the dimension of 7Tj. Then by existence of Kazhdan projections [Bro06|, 
Theorem 3.4], the unit of the ith direct summand lM d . is contained in A for 
all i G I. Then, by irreducibility of 7Tj, ith direct summand M^. is contained 
in A for all i£ J. Hence is contained in A. Then by existence of 

a faithful tracial state, I must be countable. Hence A is contained in the 
class H by Theorem [37T21 ( 1 ) . □ 

Here we give an infinite dimensional example. 

Example 4.15. Let n > 3. On the group algebra C[SL n (Z)] of SL n (Z), 
define the C*-seminorm || • ||fi n as follows. 

IMIfin := sup{ ||7r(x)|| I 7r is a finite representation of SL n (Z)}. 

Then define the C*-algebra C£ n (SL n (Z)) by the completion of C[SL„(Z)] 
by the seminorm || • ||fi n . Since SL n (Z) is residually finite, the left regu- 
lar representation is weakly contained in a direct sum of finite dimensional 
representations. Therefore the seminorm || • ||fl n is (strictly) greater than 
the reduced norm || • || r . Hence this is indeed a norm and consequently 
Cg n (SL n (Z)) is infinite dimensional. Moreover, since property (T) passes 
to a quotient (Proposition 12 . 1 1]) . Cg n (SL n (Z)) has property (T). Hence this 
gives an example of an infinite dimensional C*-algebra which has both prop- 
erty (T) and the Haagerup property. 

Remark 4.16. In Bekka's paper |Bck06], he proves that the number of the 
quasi-equivalent classes of the infinite dimensional finite factor representa- 
tions of SL n (Z) is less than or equal to the cardinality of the center of SL n (Z) 
( |Bek06l Theorem 3]). The center of SL n (Z) is {/} if n is odd and is {±7} 
if n is even . If n is odd, then the left regular representation A of SL n (Z) 
is a finite factor representation so this is the only infinite dimensional fi- 
nite factor representation of SL„(Z). If n is even, put p := (A/ — A_/)/2, 
q = p ± - Then both p and q are the central projections of the group von 
Neumann algebra L(SL n (Z)). Since the center of L(SL n (Z)) is spanned by 
p and q, both subrepresentations of A reduced by p and q are finite factor 
representations. Clearly, these two representations are mutually different: 
One is faithful but the other is not. Consequently, in both cases, any infinite 
dimensional finite factor representation of SL n (Z) is quasi-equivalent to a 
subrepresentation of A. (In particular, Bekka's super-rigidity theorem for 
SL n (Z) ([Bck06, Theorem 1]) indeed holds without taking finite index sub- 
groups.) Since A is weakly contained in a direct sum of finite dimensional 
representations, our completion in the previous example is indeed the max- 
imal tracial completion, namely, it is the maximal completion which makes 
the completed algebra to have a separating family of tracial states. So it is a 
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natural object. Note that again by Bekka's result, this completion does not 
coincide with the maximal one. This was raised as a question by Kirchberg 
[Kir93l p.487 (P4)] and proved by Bekka |Bek07l Section 8]. 

Remark 4.17. For nuclear much stronger negation of property (T) 

is proved by Brown as follows ( |Bro06[ Theorem 5.1]). 

Let A be a C* -algebra which is nuclear and has property (T). Then A is 
of the form B © C, where B is finite dimensional and C admits no tracial 
states. In particular, if we further assume A has a faithful tracial state, then 
A must be finite dimensional. 

Using Example 14.151 it can be also shown the following property of the 
Haagerup property, which does not occur in the context of von Neumann 
algebras ([Jol02, Proposition 2.4.]). 

Theorem 4.18. The Haagerup property for C* -algebras strictly depends on 
the choice of a faithful tracial state. 

Proof. Let A = Cg n (SL n (Z)), where n > 3. We already know it has a faithful 
tracial state with the Haagerup property. So to show the claim, it suffices to 
find a faithful tracial state r on A without the Haagerup property. Remark 
that, since the left regular representation of SL n (Z) is weakly contained in 
a direct sum of finite dimensional representations, 5 e extends to a tracial 
state of A, say the extension t±. Define r = (n + i"2)/2, where T2 is an 
arbitrary faithful tracial state on A. We will show the pair (A, r) does not 
have the Haagerup property. To lead to a contradiction, assume we have 
a sequence ($k)k of u.c.p. maps on A satisfying the desired conditions. 
Consider Z 2 (SL n (Z)), which is the GNS-space of r. For any / € c c (SL n (Z)), 
we have ||/||| < 2||/||^, hence the identity map on c c (SL„(Z)) extends to a 
bounded operator from Z 2 (SL n (Z)) into £ 2 (SL„(Z)). Denote the extension 
by 7T. Now we define complex valued functions fa, ipk on SL n (Z) by 

Then each <f>^ is positive definite and the sequence (4>k)k converges to 1 point- 
wise. Since SL n (Z) has property (T), this convergence is indeed uniform. 
Then by the definition of r, fa, and ipk, the sequence (ipk)k a l so converges 
to 1 uniformly. However, note that (b~g)geSL„(Z) 1S an orthogonal normal 
basis of Z 2 (SL n (Z)), whereas the set {7r(<I> k(g)o~l)} 9 eSL„(z) is relatively com- 
pact in Z 2 (SL n (Z)) by L 2 -compactness of ^ and the continuity of tt, which 
is a contradiction. Therefore the pair (A, r) does not have the Haagerup 
property. □ 

In the context of von Neumann algebras, the non-embeddable result of 
Corollary 14 . 9 1 still holds for the group von Neumann algebra of a group which 
has relative property (T) with respect to an infinite subgroup. This is be- 
cause the group von Neumann algebra of an infinite group is always diffuse. 
The corresponding result is not true in the context of C*-algebras, because 
the reduced group C*-algebra of an infinite group need not be residually 
finite dimensional. Indeed, many typical relative property (T) groups fail to 
have the rigidity property. 
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Lemma 4.19. Let A be a unital C* -algebra with an action of a group T 
with the Haagerup property. Assume A admits a countable family (ir n ) n of 
T-equivariant finite dimensional representations which separates the points 
of A. Then the reduced crossed product A x r T embeds into a C* -algebra in 
the class H. 

Proof. Take a countable separating family (ir n ) n of T-equivariant finite di- 
mensional representations. Then we have a T-equivariant embedding 

07r n : A^l[A/ker TTn- 

n n 

By taking the reduced crossed products, we have an embedding 

er 7r n ) x r T) . 

n 

Since each j4/ker-7r n is finite dimensional and T has the Haagerup property, 
the range of the above map is contained in the class Ti. □ 

Lemma 14.191 can apply to many reduced group C*-algebras of groups 
without the Haagerup property. Here we recall the examples of groups 
which has relative property (T). 

Definition 4.20. Let K be an algebraic number field (i.e., a finite extension 
of the rational number field Q), R be the ring of integers of K (i.e., the 
ring of all elements of IK which is a root of a nonzero monic polynomial 
with the integer coefficients). The three-dimensional Heisenberg group with 
the coefficients in R, denoted by H 3 (R), is the subgroup of SLa(i?) which 
consists upper triangle matrices with the diagonal entries 1. Equivalently, 
H 3 (R) is defined R 2 x R as the set with the group operation 

(x, X)(y, n) := (x + y,X + fj, + uj{x, y)), 

where ui(x,y) := xiy 2 — x 2 yi is the symplectic form. With the latter picture, 
SL2(-R) canonically acts on H 3 (R) by acting on the first coordinate. (Since 
SL2(-R) preserves co, this indeed defines an action on the group Hs(R).) 

Proposition 4.21 f [BHV08j . ICCJJV01] ). Let K be an algebraic number 
field, R be the ring of integers o/K. Then the following hold. 

(1) The pair (R 2 xi SLi2(R),R 2 ) has relative property (T). 

(2) The pair (H 3 (R) x SL 2 (R) , H 3 (Z)) has relative property (T). 

(3) The group SL2(i?) has the Haagerup property. 

Theorem 4.22. Let~K be an algebraic number field, R be the ring of integers 
ofK. Then the reduced group C* -algebras of R 2 x SL 2 (R), H 3 (R) x SL 2 (i?) 
embed into a C* algebra in the class Ti. 

Proof. Tirst note that since both R 2 and H 3 (R) are amenable, the full and 
reduced group C*-algebras of these groups are equal. Since R is finitely 
generated as an additive group, for any natural number n G N, R/nR is a 
finite ring. So (R/nR) 2 and H 3 (R/nR) are also finite. Moreover, it is ob- 
vious that these quotients are SL2(i?)-equivariant. Consequently, we obtain 
SL2(i?)-equivariant finite dimensional representations 

7r n : C* r (R 2 ) -> C* r ((R/nR) 2 ), 
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a n : C*(H 3 (R)) -> C* r (H 3 {R/nR)). 

Now it is easy to check these families separate points. Consequently, we can 
apply Lemma 14.191 to C*-algebras that we considered. □ 

Remark 4.23. The same proof also works for the group F p [i] 2 x SL2(F p [t]), 
which has relative property (T) with the subgroup F p [i] 2 , by replacing nR 
by t n F p [t] in the proof. 

5. A Rigidity Property of the Affine Groups of the Affine 

Planes 

In Section U we have seen, unlike the case of von Neumann algebras, 
the non-embeddable theorem for the reduced group C*-algebras of relative 
property (T) groups fails in general. The difficulty comes from the fact C*- 
algebras admit many "mutually singular" faithful tracial states. However, if 
we overcome this difficulty, then we can prove a rigidity theorem for a group, 
even if the group has no infinite property (T) subgroups. As an example, 
we have the two classes of groups. The first class consists of groups with 
Powers' property. For a Powers group without the Haagerup property, the 
non-embeddable theorem is easily shown by using the result of [Har85j . By 
using the free product, it is easy to construct an artificial group in this class 
without both the Haagerup property and infinite property (T) subgroups 
(e.g., (Z 2 x SL/2(Z)) * Z). However, the author does not know an example 
of group as above which naturally arises. So we also study the other class. 
These groups do not contain infinite property (T) subgroups and naturally 
arise in many fields: Namely, we study a rigidity property of the reduced 
group C*-algebras of the affine groups IK 2 x GL^IK) of the affine planes (or 
more strongly for the subgroup IK 2 X SL^QK)) over the fields K. Note that 
the group K. 2 x GL2QK) is the automorphism group of the affine plane over 
K, so this is a very natural object. First we remark that a rigidity property 
obviously fails when K is an algebraic extension of a finite field. In this case, 
K is an increasing union of finite subfields. From this, the affine group over 
K is an increasing union of finite subgroups, in particular it is amenable. 
We will show except these amenable cases, the affine groups have a rigidity 
property. 

Theorem 5.1. Let K be a field which is not an algebraic extension of a 
finite field. Then C*(K 2 x SL^K)) cannot be embedded into any C* -algebra 
in the class T~L. 

Proof. We divide the proof into two cases: 
Case 1: K has characteristic zero. 

To lead to a contradiction, assume C*(K 2 x SL^IK)) embeds into a C*- 
algebra contained in the class Ti. Then since the Haagerup property passes 
to the GNS-closure, and the Haagerup property passes to von Neumann 
subalgebras |Jol02| . we have a faithful tracial state r on C*(K 2 x SL^IK)) 
such that the GNS-closure 7r T (C*(lfC 2 x SL^IK)))" has the Haagerup property. 
We study the tracial state r. Consider the restriction tq of r to C*(K 2 ). 
Then To is a SL2(lK)-invariant tracial state on C*(IK 2 ). Since the action of 
SL<2(IK) on K 2 \ {0} is transitive, To must be of the form 

to = CX{ } + (1 - c)xk2, 
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where c € [0, 1]. (Here we identify a state on the reduced group C*-algebra 
C*(r) with the restriction of it to the group T, which is a positive definite 
function of T.) By faithfulness of tq, we further have c > 0. Prom this, the 
restriction t\ of r to C*(Z 2 ) is of the form 

n = cx{o} + (l - c)xi? 

with c> 0. From this form, the GNS-closure vr r (C;(Z 2 ))" of C*.(I?) has the 
diffuse direct summand L(Z 2 ). On the one hand, since the pair 

(IC 2 x SL 2 (K),Z 2 ) 

has relative property (T), the pair 

(c;(k 2 x SL 2 (IC)),G;(Z 2 )) 

also has relative property (T). Then by taking GNS-closures, we further 
have the pair 

((vr r (C;(IC 2 x SL 2 (K))))", (vr r (C;(Z 2 )))") 

has relative property (T). Then notice that (7r r (C*(Z 2 ))) has a nonzero dif- 
fuse direct summand, whereas (7r r (C*(]K 2 x SL 2 (]K))))" has the Haagerup 
property. This contradicts Theorem 14.21 and Remark 14.41 
Case 2: K has characteristic p. 

This case is also proved by the same method as in Case 1. Take a transcen- 
dental element tt over the prime field ¥ p . Then, notice that the ring ¥ p [ir] 
is isomorphic to the polynomial ring over ¥ p . Therefore the pair 

(K 2 x SL 2 (lC),F p [7r] 2 ) 

has relative property (T). Now the same proof as in Case 1 works with ¥ p [ir] 
plays the same role as Z. □ 

Remark 5.2. Guentner-Higson- Weinberger [GHW05J show SL 2 (IC) has the 
Haagerup property for any field K, as a discrete group. From this, the 
von Neumann algebra L(K? x SL 2 (IC)) has the relative Haagerup property 
with respect to the type I von Neumann subalgebra L(K?) in the sense of 
Popa |Pop06|. Then Popa's theorem |Pop06 Theorem 5.4 (2)] (and |Pop06 



Proposition 4.7 (2)]) shows any von Neumann subalgebra of L(K 2 x SL 2 (IC)) 
with property (T) is of type I. Consequently, we have any C*-subalgebra of 
C*(K 2 x SL 2 (IC)) with property (T) is residually finite dimensional. That is, 
any property (T) C*-subalgebra of C*(IK 2 x SL 2 (IC)) does not say anything 
in our rigidity theorem Theorem 14.71 However, these C*-algebras have a 
rigidity property relative to the class %. This in particular shows the class H 
is strictly larger than the complement of the class of C*-algebras containing 
a nontrivial property (T) C*-subalgebra. 

Remark 5.3. From Theorem 15. 11 the class T~L is not closed under taking the 
reduced crossed product by a group with the Haagerup property even if the 
resulting algebra has a faithful tracial state. (As we have seen in Section U 
this is not so obvious.) 

Remark 5.4. From Theorems 14.221 and 15. 1\ we obtain the reduced group 
C*-algebra of Q 2 x SL 2 (Q) cannot embed into that of Z 2 x SL 2 (Z). The 
corresponding result in the context of von Neumann algebras is not known. 
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6. Appendix : A Short Proof of the Rigidity Theorem for 
Reduced Group C*-algebras 

In this section, we give a short proof of the rigidity theorem for the reduced 
group C*-algebras of property (T) groups. This only uses a group theoretical 
argument, and does not use any technique of von Neumann algebras. Since 
one of main interesting objects of the rigidity theorem is the reduced group 
C*-algebras of the property (T) groups, this short proof is of independent 
interest. 

We first prepare a lemma for non-amenable groups. In the lemma, we 
use the following notation. For two positive definite functions </>, if on T, we 
say (f> is weakly contained in if if ir^ is weakly contained in 7ty, and denote 
(f) -< if). 

Lemma 6.1. Let T be a non-amenable group. Let (f be a positive definite 
function on T that is weakly contained in 5 e . Then there exists a sequence 
(<7n)n ofT such that its canonical image (Sg n ) n inl^(T) converges to weakly. 

Proof. To prove the lemma, it suffices to show the following. For any finite 
subset F of T, e > 0, there is a g G T such that \{5g,5^)^\ < e for all 

/ G F. Notice that if eft -< S e , then we also have (f> -< S e . Then by Fell's 
absorption theorem ( |BO08| Theorem 2.5.5]), we also have \(f>\ 2 ~< 5 e . Since 

(S g ^ ,6^ = | (5g , S^}^ 2 for all g,h G T, it suffices to show the lemma 
for the case (f) takes nonnegative values. For such 0, it suffices to show the 
following claim. For any finite subset F of V and e > 0, there is a g G T 
such that YlfeF^i \$f)<t> < e - Remark that all summands are nonnegative, 
so this condition is sufficient. Assume this is not true. Then for some finite 
subset F of r, there is a positive number c, such that for all g G T, we have 
YLfeF^a ^f)<P — c - From this, the canonical image := {5g} g& r of T in 
/ 2 (r) is contained in the closed convex subset {£ G i^(T)| Ylf<=F^i^f)<t> — c ) 
of ^(r), which obviously does not contain 0. From this, the circumcenter £ 
of is a nonzero vector. Since is a T-invariant subset, £ must be a T- 
invariant vector. This means lr -< S e , contrary to the non- amenability. □ 

Remark 6.2. The converse of Lemma 16.11 is also true. Recall that T is 
amenable if and only if lr is weakly contained in 6 e . Hence this gives a 
characterization of (non-)amenability of discrete groups. 

Now we prove the rigidity theorem for the reduced group C*-algebras of 
property (T) groups. 

Theorem 6.3. Let T be an infinite group with property (T), let A G rl. 
Then there is no nonzero *-homomorphism from the reduced group C*- 
algebra C*(r) to A. 

Proof. To lead to a contradiction, assume we have a nonzero *-homomorphism 
7T : C*(r) — > A with A G H. Let r be a faithful tracial state on A with the 
Haagerup property. Take an approximation net (<& n )n of the Haagerup prop- 
erty for (A, r). Using these u.c.p. maps, we define positive definite functions 
4> n on r by (j) n (g) := T(ir(l))- 1 T(ir(g)*$ n (ir(g))). Then 4> n converges to 1 
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pointwise. Since T has property (T), this convergence is indeed uniform. 
This contradicts Lemma 16. II and L 2 -compactness of □ 

7. Further Questions 

Here we state some questions which naturally arise from our study. Some 
comments about them are also given. 

Question 7.1. Can we recover the information whether the discrete group 
r has the Haagerup property or not from the reduced group C*-algebra 

c*(r)? 

For some particular groups, this question is obviously "Yes". For exam- 
ple, consider two extreme cases. If T is amenable or has property (T), then 
thanks to the result of Lance |Lan731 Theorem 4.2], Bekka [Bck06, Theorem 
7], respectively, it is true. It is also true by the result of Dong if the reduced 
group C*-algebra C*(r) has the unique tracial state. It is known that many 
important discrete groups satisfy the unique trace condition. For example, 
outer automorphism groups of (non-commutative) free groups, torsion- free 
non-elementary hyperbolic groups, irreducible Coxeter groups, and mapping 
class groups with trivial center satisfy the unique trace condition. (For the 
detail, see |Har07] and references therein.) But in general, it seems hard 
to recover the information about the Haagerup property from the reduced 
group C*-algebra. Our results Example 14.151 Theorems 14.181 and 14.221 sug- 
gest C*(r) may be contained in the class 7i, even if the group T does not 
have the Haagerup property. 

The next question is about a permanence property of the Haagerup prop- 
erty. 

Question 7.2. Does the Haagerup property pass to a C*-subalgebra? That 
is, let (A, t) be a pair of a C*-algebra and a faithful tracial state on A with 
the Haagerup property, B be a C*-subalgebra of A. Then does the pair 
(B,t\b) have the Haagerup property? 

Note first that this is true if A is nuclear. See Corollary 13.71 Note also 
that if this is true, then Theorem 13.61 immediately follows. Since our proof 
of Theorem 13.61 is already complicated, if this is true, then a proof would be 
perhaps hard. 

Note also Question l7.2l has a positive answer in the context of the von Neu- 
mann algebras [Jol02, Theorem 2.3 (i),(ii)]. The reason we can prove this for 
the von Neumann algebras is that we can always construct a trace-preserving 
conditional expectation [ BO08 1 Lemma 1.5.11]. But in the context of the 
C*-algebras, we cannot construct a conditional expectation in general, even 
if we do not consider the condition about the trace. For example, let A be a 
nuclear C*-algebra, B be a C*-subalgebra of A which is not nuclear. Then 
there is no conditional expectation from A onto B, because any range of 
a conditional expectation on a nuclear C*-algebra is nuclear. Note that by 
Blackadar's theorem [Bla85, Theorem 1], in the separable case, such a C*- 
subalgebra exists if and only if A is not of type I. The condition that A is of 
type I is quite strong. For example, any (infinite dimensional) UHF-algebra 
is not of type I. 
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